When modelling phase change, the latent heat released (absorbed) during solidification (melting) must be included in the heat transfer equation. In this paper, different SPH methods for the implementation of latent heat, in the context of transient heat conduction, are derived and tested. First, SPH discretizations of two finite element methods are presented, but these prove to be computationally expensive. Then, by starting from a simple approximation and enhancing accuracy using different numerical treatments, a new SPH method is introduced, that is fast and easy to implement. An evaluation of this new method on various analytical and numerical results confirms its accuracy and robustness.
Introduction
Heat transfer and phase change are of importance in many engineering applications, e.g. coating surfaces with paint or metal, freezing and thawing of food products, and the casting of plastics and metals. There are a wide range of methods available for numerical prediction of transient phase change problems. Knowledge of the solid-liquid front position is of key importance. In many numerical methods for phase change, the effect of latent heat is added as a source term to the heat transfer equation, like the methods of Passandideh Fard [1] and Voller [2] , or by modifying the heat capacity coefficient, as in Thomas et al. [3] , Hsiao [4] , and Dalhuijsen et al. [5] .
The finite volume method was first used for the study of phase change heat transfer, followed by finite element methods. This transition was due to the flexibility of the finite element method for complex boundary conditions and implementations [5] . In this paper, a Smoothed Particle Hydrodynamics method (SPH), or in a more general sense, integral interpolations are investigated for phase change processes. SPH is a Lagrangian mesh-free CFD method introduced in 1977 by Lucy [6] and Gingold and Monaghan [7] , and was initially applied to astrophysics. Since 1977, many studies have been conducted on the accuracy and applicability of SPH to various fluid problems [8] . Tsunami simulations [9] , simulations of floating bodies like ships [10] , and multiphase flow studies [11, 12, 13] are all examples of SPH applications. The main advantage of SPH is its ability to handle complex geometries. The implementation of different boundary conditions in SPH is also straightforward. Moreover, SPH codes are easily parallelized.
Several studies have attempted to solve phase change problems using SPH. Cleary et al. [14, 15] focused on the explicit inclusion of latent heat after solving the enthalpy form of the heat conduction equation. This method has been used to model casting [16] and solidification of molten metal drops impacting a surface [17, 18, 19] . Monaghan et al. [20] modelled the solidification of pure and binary alloys, where phase change was simulated by removing liquid particles and transferring their mass to a stationary grid of solid particles. The drawback of this method is the need for virtual particles, which results in a doubling of the number of particles inside the domain, and makes the method computationally expensive and difficult to implement into available solvers.
In this study, a new SPH formulation, using integral interpolations is introduced for modelling transient heat conduction with phase change. Application of the method to various available analytical and numerical results demonstrates the robustness of the method. Compared to other effective heat capacity implementations, this method is fast and yet more accurate.
Incorporation of Latent Heat into an Effective Heat Capacity

Governing Equations
Transient heat conduction is mathematically represented as
By expressing H as a function of T , equation 1 can be written as
In this form, equation 2 does not account for the release (absorption) of latent heat during solidification (melting). To do that, the parameter
known as the effective heat capacity, can be modified to include the effect of latent heat, as follows [21, 22] 
where δ(T − T m ) the Dirac delta function. It can be easily confirmed that using this form of C yields a total heat release of 
Numerical Implementations of Latent Heat Release
Another approach is similar to that of Lemmon [24] , where s is taken as the normal direction of the interface, and yields
These two equations were implemented in a finite element context by Thomas et al. [3] and Dalhuijsen et al. [5] . To discretize equations 6 and 7 for SPH, an approach inspired by Del Giudice et al. [23] is used here. In their finite element method, the enthalpy is smoothed by a shape function before using the above equations. Here, the value of enthalpy for each SPH particle is calculated from its temperature using [5] 
To increase accuracy and stability, we propose that the value of enthalpy at each particle is smoothed using
With the value of enthalpy known, the gradients of enthalpy that appear in equations 6 and 7 can be calculated using
A similar formulation is used to calculate the first gradient of temperature. The second gradient of temperature that appears in these equations is calculated by taking the gradient of the first gradient:
Step Release
Calculation of the partial derivatives appearing in equations 6 and 7 demands many computational steps, and so motivates the search for alternative methods. Returning to equation 4, it is convenient to replace δ, that releases latent heat at a single temperature T m , with a function that releases the latent heat over a finite temperature interval around T m . Hsiao [4] shows that a very simple substitute for δ is of the form
Here the total latent heat released over the interval of 2∆T is still L. Figure 1 shows this step jump in the apparent heat capacity. The main drawback of this approach is the need for a phase change temperature interval. For some particles during a simulation, the value of temperature may jump from a value above this interval to a value below it in one time step [4] . This means that the effect of latent heat might be bypassed if the temperature variation in a time step is large compared to ∆T , and imposes a limitation on the solution time step [5] . Additionally, for the case of pure materials where solidification/melting occurs at a single temperature, the artificial phase change interval [3] has no physical meaning. A poor choice of this interval may cause solution inaccuracy.
For the phase change of alloys with a mushy zone, where solidification/melting occurs over a temperature range, equation 12 becomes Figure 1 : Apparent heat capacity with a step jump for the latent heat.
Gradual Release
A second approach is to replace the Dirac delta function δ by an even smoothing function W that has the identity property of δ,
and is defined over a temperature range, shown here as ∆T = k * × h * . The integer k * and the float h * are similar in definition to the usual SPH notations of k and h, the only difference being that k and h are defined in the space domain and are based on particle positioning, while k * and h * are defined over the temperature domain of particles. In other words, where the value of k × h determines a radius around each particle within which its neighbours contribute to a heat transfer calculation, similarly, k * × h * defines a radius in the one dimensional domain of temperature around the melting temperature. This new radius acts as a second filter in addition to k × h. In formulations where both filters are present, the only particles that contribute to heat transfer are those close to a certain particle in both the space and temperature domains.
Replacing δ with the smoothing function W , depending on the choice of W , has been shown to have a second or higher order of accuracy [25] . Figure 2 demonstrates the smoothing function. More detailed discussions on the derivation of a SPH formulation, and more general integral interpolations, can be found in [26, 27] . Using this definition, equation 4 can be rewritten as
where W T is a 1D kernel defined in the temperature domain.
Smoothed Gradual Release
The accuracy and efficiency of equation 14 can be further improved by smoothing the term LW T (T − T m , h * ) with a higher order kernel [28, 29] . This is achieved using the standard SPH interpolation [30] f Summation here is performed over all j particles located in the neighbourhood radius of particle i. With this definition, the latent heat in equation 14 at the position of an arbitrary particle i is smoothed using
and hence equation 4 can be rewritten as
∆T is identical to the radius of influence of the smoothing function, W T (T − T m , h * ). In this formulation, the latent heat is distributed to particles based on the difference between the particle temperature and the melting temperature, and also based on how far other particles in its neighbourhood are from the reference melting temperature. In other words, this equation accounts for two variations: 1) changes in temperature of each particle with respect to the melting point, and 2) the variation of temperature in the domain with respect to the position vector x. The term LW T (T j − T m , h * ) is a discretization of Lδ and a function of temperature only. Furthermore, temperature itself is a function of particle position in the domain T = T (x). The second term, W P (x j −x i , h), accounts for the change of temperature with respect to position. The smoothing behaviour of equation 16 assures there is no sudden jump in enthalpy within the domain with respect to changes in the position vector x.
Results and Discussion
We now present the results of a series of tests of the five methods, referred to as equations 6, 7, 13, 14, and 17.
Two-Dimensional Problem: Phase Change in the Corner of a Square
The first test case is of solidification in the corner of a square initially filled with fluid, as shown in figure 3 . The cuboid is assumed long enough in the z direction to form a 2D problem at its cross-section. For the solution here, a 3D setup of the domain has been used with a periodic boundary condition in the z direction. Solidification starts as the temperature of all side walls is suddenly changed to a value below the freezing point. From the analytical solution of this problem [31, 32] , the solid-liquid interface that moves from the corner toward the square centre is of the form Problem description: fluid is assumed to be inside a Cuboid which is infinitely long in z direction. At the start of simulation, temperature at walls is suddenly dropped to a value below freezing temperature.
where x * = x/(4αt) 1/2 , and λ is calculated by solving
where Figure 4 shows the particle distribution at any x − y cross-section. Since each particle has a neighbourhood radius of 3∆x, three layers of particles are placed in the wall so that all inner particles have a complete neighbourhood (filled circles in figure 4) . The temperature of all wall particles is kept constant throughout the simulation. Properties of the solid and liquid are assumed to remain constant in each phase. Density is assumed to be the same in the two phases. × 100 . Results demonstrate that equations 6, 7, 13, and 14 yield nearly identical large errors, while the most accurate results are obtained using equation 17.
Comparison to Numerical Results
To compare the five equations against available numerical results, the solidification in the corner region is solved for the following non-dimensional parameters: θ = (T i − 
Figure 6: Position of the solidification front on the diagonal cross section of the cuboid (resolution: 100 × 100)
Effect of particle resolution
To assess mesh dependency, the previous problem is solved on a much coarser 30 × 30 mesh. Results are shown in figure 7 along with the same results of Hsiao et al. [4] , Cao et al. [33] , and Keung [34] with a mesh resolution of 20 × 20. It is clear that by reducing the resolution, equations 13 and 14 start to deviate from the converged values, while equations 6, 7, and 17 show near to no sensitivity to this decrease in solution resolution. This shows how these equations are more accurate at coarser resolutions. 
Effect of ∆T Equation 17
assumes that phase change occurs over a temperature range ∆T , the value of which must be chosen for each problem. It was mentioned previously that the value of ∆T must be small enough to approximate physical reality, yet if ∆T is too small, some particles might not experience phase change as the temperature can jump from a value above (below) melting to a value below (above) in one time step during solidification (melting). This must be taken into consideration when choosing ∆T and ∆t. For the previous test cases, a dimensionless value of ∆T = 0.02 was used.
The melting cuboid problem is considered again, with T * i = 0.3, St = 4, α l /α s = 1, and k l /k s = 1. ∆T is set to values of 0.00001, 0.01, 0.02, 0.05, and 0.08. The error values for this test case, compared to the analytical solution, are plotted in figure 9 . For very small ∆T (0.00001 here), errors are large as many particles do not experience the latent heat, and at large ∆T (0.08 here), the error grows as the phase change temperature interval deviates too far from the physical reality. The results of various test cases, including the one reported here, confirm that there exists a large range of ∆T over which the results are relatively independent of the choice of ∆T .
Effect of Smoothing Kernel
Finally, the choice of smoothing kernel that appears in equation 16 is important as it dictates how the latent heat is released into the domain. Table 1 lists three smoothing functions (from [35, 36, 37] ). These kernels are plotted in figure 10 . To compare these kernels, W T and W P are taken to be identical, where the former is in the 1D domain of temperature and the latter is in the 3D x − y − z domain. This only changes the constant coefficients of these kernels. For instance, the Meng [35] kernel in 3D has a coefficient of 21/(16πh 3 ) for W P and a coefficient of 3/4h (in 1D) for W T . Note that the α 3D values are used for the 2D test case here, since it is solved in a 3D domain. 
For the case of the solidification of the cuboid, results using these three kernels are compared to the analytical solution. Figure 11 shows that all three kernels produce accurate results with an error below 5%, but the Meng et al. [35] and Johnson et al. [36] kernels produce somewhat more accurate solutions.
Three-Dimensional Problems
In this section, the validity of the model of equation 17 is assessed on two 3D test cases.
Melting of a sphere
The first 3D test case is the melting of a sphere. Problem specifications are the same as in [38] . A sphere is considered to be initially at its melting temperature (T i = 0
• C). At time 0, the temperature of the wall surrounding the sphere is raised to a value higher than the melting temperature (T w = 1
• C). In this test case, similar to the test performed by [38] , the Stefan number St is varied from 1 to 4. The sphere has a radius of 0.25m and specific heats and thermal diffusivities are set to unity. Figure 12 shows the total melting time for the sphere at different Stefan numbers. The melting times obtained using equation 17, as can be seen in figure 12 , are in good agreement with the mathematical model of [39] . 
Conclusions
Modelling conduction heat transfer with phase change in SPH has been investigated. The release/absorption of latent heat during phase change is accounted for by modifying the heat capacity in the energy equation. A new approach is introduced, which uses smoothing and superposition of two kernels to gradually release/absorb the latent heat near the phase change temperature. Compared to a number of alternatives, this new approach yields accurate solutions while limiting the computational cost. The approximations proposed here, although based on a SPH formulation, are also applicable to grid-based methods.
